LA-UR 77-26

25

TITLE: The IgM-IgG Switch Looked at From a Control

Theoretic Vicewpoint

,,‘ ) } "L . ,@'
SIS R A (A

AUTHOR(S): Alan S. Perelson

SUBMITTED TO: Procecdings of IFIP Optinization

Confercnce in kurzhurg, Germany
hcld Septeaber 1977,

P sicogiotncr of th artuie fur potder-ategn  the
pebdedee feractusrs thy Lon rratret « s o Faghits
B W g TEDT amd the b crnimret sad :fs aunbarond
rrgmewrak st rn s hate srrestrutedd faglil te rrprndex T -
GQBir of 10 part cnvd SMuir GREMT W O TEH

errared e thr pulbeire

Thr Lo Alames “orn. o | ohergiur Pegursts that the
pubieduwre ddrutds then aieie 22 cort pgreivrmed wnere
e swugrev of thr § ~F DY

alamos

scientific laboratory
of the University of Californie

1O AIAMOS W WMIBHD §73a8

/

Ao ANen st oo Acror oo Oeportund, tonpieve:
m H

Pom W N
- N\ » -

CNTTED «7TATE.
ENEMOY EF S Al M aNt:
CAENEIAMAIE N VNN TRA o
CUANTF¥AM T R s, e

|-


About This Report
This official electronic version was created by scanning the best available paper or microfiche copy of the original report at a 300 dpi resolution.  Original color illustrations appear as black and white images.



For additional information or comments, contact: 



Library Without Walls Project 

Los Alamos National Laboratory Research Library

Los Alamos, NM 87544 

Phone: (505)667-4448 

E-mail: lwwp@lanl.gov


TAE 1gM-1pG SKITCH LOOXED AT
FROM A CONTROL THEORETIC VIEWPOINT

Alan S. Perclson
Theoretical Division
University of California
Los Alamos Scientific Laboratory

Los Alamos, XM 87545/USA

The vertchrate iamunc system is a collection of molecules and cells
designed to defend an animal from disease causing agents., Y¥hen an
s%meizen (a foreign molecule cither in solution or on a cell) is intro-
duccd into an animal it stimulates a class of white bload cells, #
Iuy=; kos4tce, to prolifcrate and to preduce protein molecules known as
ant‘hodice. Antibodics specifically bind to the anticen and lead to
its climination from the animal. One curicus feature of the antib

(4]

MY
responsc to an animal’s first cncourtcer with anticen (the primary
immune responsc) is that under nany circuastances two distinct types
of antibody molecule arc aade, iamuvnoglebulin M 17+\4) and immunozlobu-
lin G (Igu). 1If the anounts of I:M and IgG ‘a the blooe scrum of an
animal are mcasurcd as a function cf tine a’ter inrection of antigen,
after some delav. Qther analvses which I shall not Jdiscuss here have
shoun that single B lvmphocvtes first =alke IgY and then s=witch to the

onc finds that I¢M zppcars in the blood scrua tirst and 134 aprears

production of IgG. Onc further notemorthv tfeature of thix switch a1s
that bheth the Ig¥ and Igf made by a single cell have the same snect-

ficity for antigen isee Vigurc 1.

In tkis paper | shall address the question: why sheould a cell make two
drffcrent tyvpes of antibody with the same specaificity for antigen’
Furtker, why should a2 cell €irst make one tvpe of antibh-ldy I anld
then switch to the productieon of another tvpe (la6Y iater in the tmmune
response’ Since birological svstems are the result ~f aillions of vears
of cvolution by natural sclection oac aight hvpothesice that the M-
1£G switch provides romc advantage to an aniwal. In order to exaaine
thic possibility I, 1n ccllaboration wi1th Byren toidstein of Los \lamos
Scicntific Laboraterv and Sol Rechlin of the University of California
at Berleley, have deviscd a model of the interaction of the imnune sve-
tea with a growing antigen ‘c.2., pathogen) and have attenpted to opti-
®iZc the performance of the 17mune svstem with respect to its antibodvy

production. Although there arc manv pitfalls 1n using optimization
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Figure 1. The structure of IgM and 13G. IgM contains five subunits
joined by disulfide bridces (circular dotted line, and a J chain inot
<shown). Fach subunit is similar to a sinele lgt. ®hen a cell switches
from I1gM tc IgG production, beth iamunoglobulins are helieved to con-
tain identical antigen bindine fragments (¥ab), but diffcrent coaple-
ment binding fragnments (ko).

and Oster, 1976; Oster and Yilson, 1978, the cevolutionary stahility
of thc immunce svitea and the nagnitude of the sclective forces acting
on it give onc somc contilence in the predictions of optimazation jre-
cedurcs.

There are many host Jdefenses that act acainst discase Ccausing organisas
(cf Mims, 1976}, Here ° shall only dizcuss onc defense ~cchanis=, com-
plenent dependent lvsa which | have s<ingled out because it relies on
both I¢¥ and Igti. Besides directly interacting with antigen to forn
large antibodv-antigen azoreates, antibody also acts as a tag, aarhing
cells as forcign. Once a ccell 8 so =marked 1t aay be cngulfed by a
largce migratory phagocytic cell such as a neutrophil or maacroephage or
it may be attackced by a serics of eleven serum zlvcoproteins hnown asx

e =:!c=ent. The complenment components literally Jdrill a hele in the
cell membrane lcading to the Jdeath of the cell by osmotic forces (cf
Maver, 1973). Not all c¢ells are susceptible to complement dependent
I¥sis (some cells may be able to repair the Jamage to their membranes),
but gram-negative bacteria and virus infected cells are among those
which succumb to complenent (Osler, 1976: PForter, 127110,

The cascade of binding rcactions which eventually can lead to cell lysas
is initiated by the first com;lement componcent, Cl, binding to one [V



or a pair (or hirher sultaples) of IgG molecules in closc proximity on
the ccll meshrane (Borsos and Rapp, 1965a,h). Studicx hy lumphrey and
Pourmashkin (1965) and Huaphrey (1967) showed that for a red blood cell
about 800 I:zG molccules would bhe required to attach at random for there
to be an cven chance that tao such molecuiv: sould be at adjacent sites.
Thus, at lcast for red cells, it would av first sight scem best if the
jmrune systcn secreted only 1M, For a pathogen .maller tham a red
blood cell, ¢, the critical nuaber of 1gG molccules required to bind

in order to initiate the coaplenent reaction would he smaller than 8300,
and should scalc roughly as the ratio of the surface arcva of the patho-
gen to that of the red blood cell (assuming equal Jdensitic~ of anti-
genic Jdeterainants).

Although Ig¥ and I1gG have the saae specificity for antigen they need

not bind to a cell with equal cfficiencics. A= shown in Figure 1, IgG
has txo binding sitex, while iV “eing a pentaner has ten Rinlding sites.
Studies of the Jynamice of red coll lveis by I12% gal 120 35 the hemoo
Ivtic plaquc assayv have indicatced that Ig" rapidly kinds and Jdissocr-
ates fros the cell su-face witk an equilikriuz (onstant indicative of

singlc <itc interactien ‘eldstein apd Perelsen, 18760 Telga:, 1075q by,
whcrcas 1.t o5 AROal 18 Sind Sivaicntiv 0 sutlacc. cnorn:igl oand Rarusi,
1972). If enc assumes that I:0 Mands Buvaient!v and [ hands mono-

valently thea the cquilibhriur censtant for "o Siadiny =av be as =much

as 10' taacs as grest as that of IgM, izplvins that a cell an a sclu
tion contailnin: cgyual Joncentrat:ons of I¢* ard 1: would he =uch rmore
lidely te have 802 I:G molccuier than 1 (¢ =olecule on its surface.
Rhen there cvasts such large Jifferences in the Mindin: constants of
1g¥M and 3G 1t would scex advantacous 1f the i==unc s»vsle= ~ccretced
only 13G. Hewerver, dur:a; the :nit:al stases of an =—=unfc response
there nay not be cnough antitoldy to put 8¢ =olecules of Igad on cach
pathozen's  surface and, 1 fact. with lar:e :nfectisns this =av take
soac tinc. Nuria; this n:tial reriod onls T3V Ccan lead to cell lvsas
and thus fairst preducing ¢ and the produc:n: 1ot =wv an fact be an

optimal stratcepyv.
Yodel

Consider twe populations of lvarhocvtes, one of which, L., secretes only
IgM, and the other of whaich, I-, secretes onlv 1:6. \t anv time t, 1
=hall assuac that a fracticen u:t: of the Ly cells oo proliferating with
per capita rate b and the renatning fraction of ly colls are diffcerenti-

atine with ner Fcani?ta vatn | 1nta 1 | s ~alle T mecvnr mat 0a hin: oha



model, T shall also assume that a fraction, v(t), of LG cclls arc pro-
liferating at per capitla rate b ond the remaining fraction, 1 - v(t),
arc differentiating with per capita rate d into Ly cells (Figure 2).
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Figure 2. Rlock diagrian of compicement dependent killing. The dotted
lincs indicate portions of the nodel involvinge the bindine of I2'f and
IgG to the antizen and the subseauent cell kiiline. \lso the loss of
I1eM and 122G by the climination otf dead antigen is not shown.

I further ascume Ly cells secrete IgM at rate s and Lg cells secrete
I1gG at a rate ys, where vy 2 1 is introduced to sccount for the differ-
ence in ~i:c and complexity of the two antihodies. (For example, since
IgM is a pentamer it may be possible to secrete 5 times as many IgG
molecules as 1gM molecules.) The antigen, a, | assume can grow at a
per capita net rate r in the absence oi antibody and complement and is



kitled at a per capita rate », multiplied by Pkinn® the probability of

lysis by complement. Once complement has acted to kill a cellular
antigen, the dead cell, 4, is assumed to remain in the system until it
is removed, say by phagocytosis, at per capita ratce ﬁa.

To complete the model 1 nced to specify how antibody hinds to cells and
the probability of a cell being killed by complement dependent lysis.

I shall assumc that cach antigen (ccll) has a total of 60 sites at
wvhich antibody can bind, and the corncentrations of sites hound by IgM
and IgG on live and dcad antigens are Oypr (i a“ and ﬁG. respectively.
As the antigen grows the total number of available sites in the system,
apg, incrcases, but as dead cells arc removed so are sites and anti-
bodics bound to the dead cells. IgM is assumed to bind with only one
of its ten sites while 1gG is assumed to bind bivalently. The forward
and reverse rate constants for the binding reactions of IgM and IgG are
RM' kﬁ. kG and ki» respectively. With this set of assumptions one ob-
tains the following state egquations:

Ly = bu(t)ly - d[1 - u(t)]ly + d[1 - v()]Lg | 1)
iG = bV(tS!G - 41 - v(t)]LG + d[1 - u(t)LM (2)
Moxsly - w83, (3)
G = vslg - ugh - 8,6./2 (4)
a = ra - oua Py (5)
RS L (6)
Py = 10k - oy - B (Bga - oy - o) - Koy - ua0y Pyipg (73

a

fy = LOky(M = oy = 6y (Bg# - Sy - 6,) - kify * uaoy Pyipy - BgPy (8)

P = kg(2G - o5 - Bg)(Bga - oy - pe) - N7zt ugeg Pyig) (9
and probability of becing killed by complement, Prill® is given by
Pki1l ® Py * Pg - PyPg (11)

Here Py ™ p“(o“. a) and Pg = pG(pG, a) arc the probabilities of an

antigen being killed with IgM and IgG, respectively. Since 5M e ﬁ“/a
is mcan number of I:M molecules hound per antigen, Dy s i.e., the prob-
ability of having at lcast onc IgM bound to each antigen, is given by



Fll - - o
. o P 0
P“(DM. ﬂ) - 2( i”) -—}—'- (l - -:-:'- « ] - e‘p(.ﬁu) (12)
' i=l “0 fo

while the probability of having at lecast ¢ 1gG molecules bound per
antigen is

a -~ H .
0 < . .
pu ."(; ! QG 60 1
pG(pG' a) = Z ill=— I - — (13)
i=2c "0 fo

where 50 é pG/a and BG » 2¢ for c IgG molecules to hc bound. Using
the De-Moivre Laplace thcorem one can show

Pn - P 2c - & .
PG - % crf( 0 _a ) ] erf( G ) (14)
5T 5c75y) V256 (T-5¢75¢)

In deriving (12) and (14) I have relied on the fact that 50 is typically
10® and hence much greater than By or 8 on live cells.

The optimization problem I wish to consider is minimize the time, ..e.,

T
min f dt (15)
u(')lv(') 0

to go from the initial state:

LM(O) = LMO' LG(O) = LGO' M(0) = G(0) = C, a(0) = a,

(16)
8(0) = py(0) = £,(0) = p(0) = B(0) = 0
to the final manifold:
a(T) = a* \e.g., a* < 1 antigen/animal) (17)

subject to the dynamic constraints of Eqs. (1) - (10) and the static
constraints

0 <u(t) <1, 0 <v(t) <1, t € [0,T] (18)

Rrsults

If a, is too large the antigen grows without bound and the final mani-
fold cannot be reached. For smaller values of ag» using numcrical
techniques, I have compared the times needed to reach a* for the fol-
lowing strategies: 1) secrete only IgM 2) secrete IgM and then switch



to 1gM secretion. Here | shall only report results for a typical sct

of hiaclogically rcasonable paramcter values. A morce complete discus-
sion of results, including a study of paramcter sconsitivity, will be
published clsewhere.

As a typical paramcter sct [ have chosen b ~ d = 0.1 h'i, s =3.6x 10°
antibodices h™', y = §, uy = 0.03 h!', ug = 0.006 h°', r - 0.5 h-?!,

By ® 2.0 h™?, by * 0.693 h™?, kM = 3.9 x ]10°'! cm? molecule™! h°},

k& = 4.32 x 10% h-?, kG = 3.6 x 10°'! cm? molecule™! 71, ké = 1.44 h-',
¢ = 32 and 50 = 4 x 10°. Concentrations are cxpresscd in molecales or
cells per em?. 1 have assumed the inmuane response i< occurring in a
mousce with a scrua voluwe of 1.25 c¢m?. Further, ¢ and 50 have been
chesen to represent a pathogen, such as a bacteria, with a surface area
1/25 thayt of a red blood cell. Using these parameters I show in Figure
3 how the final time T varivs with the time t, at which the control
switches fromu =1, v = 0 tou =0, v = 1 (Ig¥4 to 126G switch) for vary-
ing initial concentrations of ag, with LMO =1 x 10° cells/cm® and

0. Fora, > 2 x 10" cells/cm’ the antigen grows without bound.
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Figure 3. The final timc vs the switchine time for an immune response
employing an IgM-IgG switch. The case of no switch, i.e., IgM produc-
tion only, corresponds to the laxt poxnt on cach curve uhcrc te = T.
Initially, Lyp = 1 x 1o® cells/cm?, 9 = 0, and ajy was VJIIOU between
1 x 10! cells/gm to 1 x 1lo0* cclls/um The value of ag is indicated
next to each curve in the figure.



with somewhat smaller values of ag the antigen can | : destroyed only

if the switch to §gG production is delayved beyond some critical time
(c.g., approximately 1.0 h for ag = 5 x 10'® cells/em’). Thus carly
IgM proauction is crucial. For cach antigen concentration there is
somc optimal time to switch to IgG production; which minimizes the
total responsc time T. When ay < 1 x 10* ceclls/cm?® the opiimal switch-
ing time is :zcro, whercas for a, = 1 x 10'°, S x 10'°, and 1 x 10'?
cells/cm? the optimal switching times are roughly 6 h, 12 h, and 20 h,
respectively.

In Figure 4 1 illustrate the effects of beginning an immune response
with cells that secrete IgG and then witching at time tg; to the pro-
duction of Ly cclls. If aj; > 5 x 10'° cells/cm® (not shown) then for

a purc Ig¢G response or for any choice of switching time the antigen
grows without bound. For ap = 6 x 10* cells/cm® the antigen can be
contvolled only if a switch to IgM production is made very early. When
ag <1 x 10” cells/cm® 1gG is sufficiently effective that switching to
TgM production has no cffect on the total response time. Anosther type
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Figure 4. The final time vs the switching time for an immune response
cemploying an I3G-IgM switch [i.e., uft) = 0, v(t) =1, 0 < t < tg;
u(t) = 1, v(t) = 0, tg <t <T] with Lyy = 0. Lsy =1 x 10" cells/cm?®



of hchavior occurs when ag = £ x 10? cells/cm?®., Here a switch to 1pM
prodaction at t = § considerably lcngthens the response; the Lg popu-
lation is being Jdepleted, so Killing by 1gG is initially .neffective
and there is a long delay (v 12 h) before the Iy population is suffi-
ciently larpe to prevent the antigen population from increasing. How-
ever, if the switch is delaved or if only IgG is secreted, then cnough
IgG is produced to quickly contrci the antigen.

Comparing Figures 3 and 4 onc notices that for ag < 1 x 10 cells/cm®
the total response time T is less for purce IgG immune responses than
for responsces which employ an IgM-TgG switch. Thus for "low'" antigen
doses it is better to employ a pure IgG response while for "high' anti-
gen doses an Ig\h-IgG switch is better. In fact, employing a pure IgG
response at "high" doscs can be a fatal mistake. Here "high" and "low"
doses arc defined relative to the initial lymphocytc populations, Ly
and Lco? since the ratio of bound antibodies to antigens is the crucial
paramcter in determining cell lysis. Thus if LGO is large enough one
would expect that a pure IgG response would be effective against all
rcalizecable antigen concentrations and conscquently would be a good
stratcegy. However, if the initial lymphocyte population is low then

it would sccem best to cmpleoy an Igh-I12G switch since an animal may be
confronted with a "high'" antigen dose. In fact, this divergence in
stratcgies is observed biologically. When the same antigen is encoun-
tered by an animal for a second time (the secondary response) the immune
system has ready a large population of lymphocytes able tc react with
the antigen and the immune response is observed to be almost a total
IgG response. In contrast, when an antigen is encouatered by an ani-
mal for the first time (the primary response) a much smaller number of
lymphocvtes are able to react with the antigen and a switch in the type
of antibody from IgM to IgG is usually observed.

Conclusions

For a, < 10! cells/cm® and the other biologically reasonable parameter
values used to generate Figures 3 and 4 one can draw the following con-
clusions:

1) It is better to begin an immune response with Ly cells rather than
L; cells if the antigen concentration is high (a; > 1 x 10° cells/cm?).

Z) Beginning with only Ly cells one can always reduce the time needed

to eliminate the antigen by switching to IgG production at an appropri-
ate time.
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3) At high antigen doscs switching from 1M to I1gf production too
carly can allow the antigen to grow unbounded, switching tos late or
not at all only lengthons the response time.

4) At low antigen doses it is always better to begin the immune re-
sponse with L. cells. Switching these LG_cclls into L, cells provides
no advantage to the animal.

I1f complencnt dependent killing of pathogenic organisms were an impor-
tant defense strategy over cvolutionary time, then it scems reasonable
that natural sclection would have led to the development of an IgM-1gG
switch for the primary immune response, and an all IgG secondary re-
sponse. Whether more complicat~d switching strateries or singular con-
trol would lead to an even more cfficient resporse is not yet known.
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